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Abstract 



Let M be either a projective manifold [M , II) or a pseudo-Riemannian 
manifold (M, g). We extend, intrinsically, the projective/conformal Schwarzian 
derivatives that we have introduced recently, to the space of differential op- 
erators acting on symmetric contravariant tensor fields of any degree on M. 
As operators, we show that the projective/conformal Schwarzian derivatives 
depend only on the projective connection II and the conformal class [g] of the 
metric, respectively. Furthermore, we compute the first cohomology group of 
Vect(M) with coefficients into the space of symmetric contravariant tensor 
fields valued into ^-densities as well as the corresponding relative cohomology 
group with respect to sl(n + 1,R). 

1 Introduction 

The investigation of invariant differential operators is a famous subject that have 
been intensively investigated by many authors. The well-known invariant operators 
and more studied in the literature are the Schwarzian derivative, the power of the 
Laplacian (see J3|) and the Beltrami operator (see [2]). We have been interested in 
studying the Schwarzian derivative and its relation to the geometry of the space of 
differential operators viewed as a module over the group of diffeomorphisms in the 
series of papers [3J El HH • As a reminder, the classical expression of the Schwarzian 
derivative of a diffeomorphism / is: 



The two following properties of the operator (jl.lj) are the most of interest for us: 

(i) It vanishes on the Mobius group PSL(2,M) - here the group SL(2,R) acts 
locally on R by projective transformations. 

(ii) For all diffeomorphisms / and g, the equality 



holds true. 

The equality (jl.2|) seems to be known since Cayley; however, it was first reported 
by Kirillov and Segal (see [T71 HH1 E2] ) that this property is nothing but a 1-cocycle 
property - it should be stressed that cocycles on the group are not easy to come up 
with, and only few explicit expressions are known (cf. [Til). 

Our study has its genesis from the geometry of the space of differential operators 
acting on tensor densities, viewed as a module over the group of diffeomorphisms 
and also over the Lie algebra of smooth vector fields. In the one-dimensional case, 
this study have led to compute the (relative) cohomology group 






(1.2) 



H 1 (Diff(R),PSL(2,R);End diff (J- A ,^ t )), 
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where T\ is the space of tensor densities of degree A on R. 

It turns out that the Schwarzian derivative as well as new cocycles span the co- 
homology group above, as proved in 0. These new 1-cocycles can also be considered 
as natural generalizations of the Schwarzian derivative (|1.1J1 . although they are only 
defined on an one- dimensional manifold. 

The first step towards generalizing the Schwarzian derivative underlying the 
properties (i) and (ii) to multi-dimensional manifolds was a part of our thesis [5]. It 
was aimed at defining the 'projective Schwarzian derivatives as 1-cocycles on Diff (R n ) 
valued into the space of differential operators acting on contravariant twice-tensor 
fields, and vanish on PSL(n + 1, R). Later on, we constructed in [3] 1-cocycles on 
Diff (R n ) valued into the same space but vanish on the conformal group 0(p+l, q+1), 
where p + q = n. These 0(p + l,q + l)-invariant 1-cocycles were interpreted as 
conformal Schwarzian derivatives. Moreover, these projectively/conformally invari- 
ant 1-cocycles were built intrinsically by means of a projective connection and a 
pseudo-Riemannian metric, thereby making sense on any curved manifold. As pro- 
jective structures and conformal structures coincide in the one-dimensional case, 
these (projective/conformal) 1-cocycles are considered as natural generalizations of 
the Schwarzian derivative (jl.lj) . 

This paper is, first, devoted to extend these derivatives to the space of differential 
operators acting on symmetric contravariant tensor fields of any degree. 

In virtue of the one-dimensional case, the (projective/conformal) Schwarzian 
derivatives should define cohomology classes belonging to 

H 1 (Diff(R ra ),^;End difr («S a (R n ), S s (R n ))), 

where S$ (R n ) is the space of symmetric contravariant tensor fields on R n valued into 
5-densities and fj is the Lie group PSL(n + 1, R) or 0(p + 1, q + 1). 

The cohomology group above is not easy to handle; nevertheless, we compute in 
Theorem 16.111 the cohomology group 

H 1 (Diff(§");End difr (S s (S n ), <S 5 (§ n ))), 

for the (two and three)-dimensional sphere. 

Moreover, we compute in Theorem 16.51 the (relative) cohomology group 

H 1 (Vect(R n ), sl(n + 1, R); End difr (S s (R n ), S s (R n )))- (1.3) 

The computation being inspired from Lecomte-Ovsienko's work [21], uses the well- 
known Weyl's classical invariant theory [36 . It provides a proof - at least in the 
infinitesimal level - that the infinitesimal projective Schwarzian derivatives that we 
are introducing are unique. 

Furthermore, we compute in Theorem 16. 101 the cohomology group 

H 1 (Vect(M); End diff (S 5 (M),S 5 (M))), 
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where M is an arbitrary manifold. 

According to the Neijenhuis- Richardson's theory of deformation [21], the coho- 
mology group above will measure all infinitesimal deformations of the Vect(M)- 
module S 5 (M). 

2 The space of symbols as modules over Diff(M) 
and Vect(M) 

Throughout this paper, M is an (oriented) manifold of dimension n endowed with 
an affine symmetric connection. We denote by V the Christoffel symbols of this 
connection and by V the corresponding covariant derivative. It should be clear from 
the context wether the connection is arbitrary or a Levi-Civita one. 

We use the Einstein convention summation over repeated indices. 

Our symmetrization does not contain any normalization factor. 

2.1 The space of tensor densities 

The space of tensor densities of degree 5 on M, denoted by JF 5 (M), is the space of 
sections of the line bundle: | A n T*M\® S , where 5 G R. In local coordinates (x l ), any 
5-density can be written as 

(p(x)ldx 1 A--- Adx n \ 5 - 

As examples, JF (M) = C°°(M) and T X {M) = Q 1 (M). 

The affine connection F can be naturally extended to a connection that acts on 
J r s{M). The covariant derivative of a density <ft £ Fs{M) is given as follows. In local 
coordinates (x l ), we have 

V i <p = d i <p-6Tl<j>, 
where d{ stands for the partial derivative with respect to x l . 

2.2 The space of tensor fields as a module 

Denote by S(M) the space of contravariant symmetric tensor fields on M. This space 
is naturally a module over the group Diff(M) by the natural action. Moreover, it is 
isomorphic to the space of symbols, namely functions on the cotangent bundle T*M 
that are polynomial on fibers. 

We are interested in defining a one-parameter family of Diff (M)-modules on 
S{M) by 

S${M) :=S{M)®F S {M). 

The action is defined as follows. Let / G Diff(M) and P G Sg(M) be given. Then, 
in a local coordinates (x l ), we have 

r s p = rp-(j f -i) 5 , (2.i) 
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where Jf = \Df /Dx\ stands for the Jacobian of /, and /* stands for the natural 
action of Diff(M) on S(M). 

By differentiating the action (|2.1j) we get the infinitesimal action of Vect(M) : 
for all X e Vect(M), and for all P e S{M) we have 

L X P = L X (P) + 5DWXP, (2.2) 

where Div is the divergence operator associated with some orientation. 

Denote by S${M) the space of symmetric tensor fields of degree k on M endowed 
with the Diff (M)-module structure (|2.1j) . We then have a graduation of Diff(M)- 
modules: S 5 (M) = ® k > S$(M). 

The actions ()2.1|) and ()2.2|) are of most interest of us. Throughout this paper, all 
actions will be refered to them. 

3 A compendium on projective and conformal struc- 
tures 

We will collect, in this section, some gathers on projective and conformal structures. 
These notions are well-known in projective and conformal geometry. However, they 
are necessary to introduce here in order to write down explicit expressions of the 
Schwarzian derivatives. 

3.1 Projective structures 

A projective connection is an equivalent class of symmetric affine connections giving 
the same non-parameterized geodesies. 

Following ^21, the symbol of the projective connection is given by the expression 

4 = ^-^^ + ^)- (3-1) 

Two affine connections T and T are projectively equivalent if the corresponding sym- 
bols (|3.1|) coincide. Equivalently, if there exists a 1-form u> such that 

f£- = r£- + + # a,. (3.2) 

A projective connection on M is called flat if in a neighborhood of each point there 
exists a local coordinates such that the symbols ■ are identically zero (see jTH] for 
a geometric definition). 

A projective structure on M is given by a local action of the group SL(n + 1, R) 
on it. Every flat projective connection defines a projective structure on M. 

On M n with its standard projective structure, the Lie algebra sl(n + 1,R) can be 
embedded into the Lie algebra Vect(R n ) by 



where (af ) are the coordinates of the projective structure. The first two vector fields 
form a Lie algebra isomorphic to the affine Lie algebra gl(n, R) ix R n . 

3.2 Conformal structures 

A conformal structure on a manifold is an equivalence class of pseudo-Riemannian 
metrics [g] that have the same direction. 

If T^. are the Levi-Civita connection associated with the metric g, then the Levi- 
Civita connection, T^, associated with the metric e 2F ■ g, where F is a function on 
M, are related, in any local coordinates (x l ), by 

f* = 1% + Fi 5} + Fj 8? - gy g kt F t , (3.4) 

where F^ = OF/ dx l . 

A conformal structure on (M, g) is called flat if in a neighborhood of each point 
there exists a local coordinate system such that the metric g is a multiple of go, 
where go is the metric diag(l, . . . , 1, —1, . . . , —1) whose trace is p — q. 

It is well-know that the group of diffeomorphisms of M. n that keep the standard 
metric go in the conformal class is the group 0(p + 1,9 + 1), where p + q = n. 

Remark 3.1 The Lie algebra o(p + 1, q + 1) can also be embedded into Vect(M n ) 
via formulas analogous to (|3.3j) but we do not need them here. 

3.3 An intrinsic 1-cocycle and a Lie derivative of a connec- 
tion 

A connection itself is not a well-defined geometrical object. However, the difference 
between two connections is a well-defined tensor fields of type (2, 1). Therefore, the 
following object 

£(/):= fT-r, (3.5) 

where / is a diffeomorphism, is globally defined on M. 
It is easy to see that the map 

defines a 1-cocycle on Diff(M) with values into tensor fields of type (2, 1). 

The infinitesimal 1-cocycle associated with the tensor (J3.5j) . denoted by I, is 
called the Lie derivative of a connection; it can also be defined as follows. For all 
X G Vect(M), the 1-cocycle l(X) is the map 

(Y,Z) ^ [X,V Y Z] - V [x ,y\Z- Vy[X,Z\- (3.6) 

We will use intensively, throughout this paper, the tensor (J3.5|) as well as the 
tensor (|3.6j) . 
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4 Projectively invariant Schwarzian derivatives 



Let II and II be two projective connections on M. Then the difference II — II is a 
well-defined (2, l)-tensor field. Therefore, it is clear that a projective connection on 
M leads to the following 1-cocycle on Diff(M): 

which vanishes on (locally) projective diffeomorphisms. 

Remark 4.1 There is also an alternative approach in defining the 1-cocycle (j4.1j) 
by means of the tensor ([3.5)1 . 

4.1 The main definitions 

Definition 4.2 For all / G Diff(M) and for all P G S$(M), we put 

fc-i 

a(/) (/')' " : = u '. (4.2) 

s=l 

where T(/) is the tensor ([4.1)1 . 

By construction, the operator (|4.2|) is projectively invariant, viz it depends only 
on the projective class of the connection. 

Theorem 4.3 (i) For all 5 ^ ^g^, the map f i — > : ) defines a non-trivial 
1-cocycle valued into V(Sl{M),S^ 1 {M)); 
(ii) for 5 = 2fc 1 ~ 1 n j~ n , we /iave 

H(/)(P) il - ife - 1 = (J" 1 * V,- - Vj) : - 

Proof, (i) The 1-cocycle property of the operator ([4.2)1 follows immediately from 
the 1-cocycle property of the tensor ([4.1)1 . Let us prove the non-triviality. Suppose 
that there exists an operator A such that 

il(/) = f-'*A - A. (4.3) 

As is a zero-order operator, the operator A is almost first-order. If A is zero- 
order, namely a multiplication operator, its principal symbol, say a, transforms under 
coordinates change as a tensor fields of type (2, 1). The equality above implies that 
%{f) = / _1 a — a which is absurd, as T is a non-trivial 1-cocycle. Suppose then that 
A is a first-order operator, namely 

.\(I>)' : " : = V ; /"' •" : . 
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for all P G Sj-(M). It is a matter of direct computation to prove that 

fc-i 

{f- 1 * A - A)(P) il " 4k - 1 = £(f)fj ; - (5 - 1) 2(f) j l' J ' "" : . 

s=l 

where £(f)ij are the components of the tensor ()H.5j) . We can easily seen that the 
equality (IQl) holds true if and only if 5 = 2k ^ n ■ 

We will introduce a second 1-cocycle valued into T>(iS fc (M), <S fc_2 (M)). But, at 
first, we start by giving its expression when k = 2. 

Definition 4.4 For all / G Diff(M) and for all P G <S|(M), we put 

9J(/)(P) :=%U%V k P^ + V k Z{f% P i i- 3 + n ~^ 1 + n) V i £(f) j P« (4.4) 

+ (i - ^) (£(/)£■£(/)« - ^ + - ^)) p ^ 

where are the components of the 1-cocycle (|3.5|h are the components 

of the 1-cocycle (|4.1|) and Rij are the components of the Ricci tensor. 

Theorem 4.5 (i) For all 8 ^ gf, toe map / i — ^ QJ(/ *) defines a non-trivial 
1-cocycle on Diff(M) with values^nto V(S](M),S$(M)). 
fii) For 5 = !1 4t, we have 

1 ' n+l 7 

gj(/) = r x *B - b, 

where B is the operator 

B-^ViVj l —R iy (4.5) 

n — 1 

(wj T/ie operator \4-4\) depends only on the projective class of the connection. When 
M = R n (or M = S n ) and M is endowed with a flat projective structure, this 
operator vanishes on the projective group PSL(n + 1,R). 

Remark 4.6 (i) The operator in (|4.4jl enjoys the elegant expression: 

*(/)&v* - 2 ~^ 1] v, mm + ( " + ^\~ 5) mmm, m 

which can be obtained through the relation 

/- ^ - R 3k = - V, 2(fY jk + V, £(/)* + £(/)£ m - £(/) m £(/)£. (4.7) 

(ii) We will retain the Ricci tensor into the explicit expression of the Schwarzian 
derivatives disregarding the equation (|4.7jl . because it will be useful when we will 
study theirs relation to the well-known Vey cocycle. 
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For k > 2, we state the following definition. 

Definition 4.7 For all / G Diff(M), and for all P G Sg(M), we put 

k-2 

(P) iv " ik - 2 = ^{f)tu V v P tuvh "^- ih - 2 +ai V t 

s=l 

fe-2 

+ £ (a 2 V, £(/)t + a 3 £(/& £(/)« + a 4 £(/)** £(/) J p**i~W a 

8=1 

+ (a B V t £(/)L + a 6 V u £(/)„ + a 7 £(/)„ £(/)„ + a 8 £(j%) 

fc-2 

+ a 9 (r^R^-Ko) P^-^+e £(/)^^(/)p 9 ^ Wr ^'^- lfc - 2 ; 

l<s<r<fc-2 

(4.8) 

where are the Ricci tensor components, £(/)$,• are the components of the tensor 

1 ifife>4, 



()3.5|) and T(/)^- are the components of the tensor (|4.1j) . The constant e 



otherwise 



and the constants ai, . . . , ag are given by 



OL\ = 


-(3-2k + n( y 5 




a 5 = 




-2k + 


n(S-l) + S); 




a 2 = 


i(2*+(l-5)( 




;i + n)); 


a 6 = 






-2k + n(6- 1) 


+ 5); 


«3 = 


i(5-2A; + n(5 


-1) + *); 


0:7 = 




-i) 2 ; 




(4.9) 


a± = 






a 8 = 




-8)(3- 


-2k + n(S- 1) 


+ 5); 



11 + Ak 2 + {5 - 1) (2n (5 - 4A; + 35) + 3n 2 (5 - 1)) + 105 + 35 2 - 4k{3 + 25) 

«9 = 

6 — 6n 

Theorem 4.8 (i) For all 5 ^ ^r 1 , the map f i— > 2J(/ *) defines a non-trivial 
1-cocycle on Diff(M) with values into V(Sl(M),S^ 2 {M)). 

(ii) The operator depends only on the projective class of the connection. 

When M = R n (or M = S n ) and M is endowed with a flat projective structure, this 
operator vanishes on the projective group PSL(n + 1,R). 

We will prove Theorem (|4.5jl and Theorem ()4.8|) simultaneously. 

Proof Theorem (|4.5|) and Theorem (J4.8|) . To prove that the map / i— > %3(f~ r ) 

is a 1-cocycle we have to verify the 1-cocycle condition 

KU°g) = g- l *KU)+K(g) for all f,g G Diff(M), (4.10) 
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where g* is the natural action on V(Sg(M), Sg~ 2 (M)). In order to prove this con- 
dition we will, first, remove the Ricci tensor from the expressions ()4.4j) and (|4.8|) . 
because it is obviously a coboundary; secondly, we use the equalities 

k 

v u ./:;/— = tiv u P h ~ ik - (*(/ l )t ft P vh - x - ik ) + 5 £(f-\ ./;;/"-". 

s=l 

2{fog)l = g*- l Z{f)- 3 +Z{9% (4.11) 
and the equality 

V u <7*£(/)* = <7*V„£(/)* - h*Z{f% Z{g~ l ) k ut + Sym^ («7*£(/)| £(<T 1 )$J , 

where £(/)y are the components of the tensor (|3.5|) . The 1-cocycle condition for the 
operator ()4.8|) can verified by a long and tedious computation. We will give a proof 
here only when k = 2. By using the equalities above we see that, for all P G iSj(M), 
we have 

W(fog)(P) = {g*- 1 %{ff ij + %{g)%)V k P i ^V k (g*- 1 Z{ff ij + m k i 3 )P ij 



V, (^*- 1 £(/) j + £(<?),) i* 



1 + n 

+ (1 - S) U(f o £(/ o <?)„ - ^-£(/ o g)i £(/ o ^ J* 

= ^(53(/)^r 1 (^))+^)(^) 

Now we prove that the 1-cocycles (|4.4|) and (J4.8j) are not trivial. Suppose that there 
exists an operator A : S%(M) -> S 5 fc ~ 2 (M) such that 

gj(/) = /*-^ - A (4.12) 

Since the operators (|4.4jl and (|4.8jl are first-order, the operator A is at most second- 
order. If the operator A is first-order, its principal symbol should transforms under 
coordinates change as a tensor fields of type (2, 1). From the equality (J4.12|) one can 
easily seen that T(/)^- is a trivial 1-cocycle, which is absurd. If A is second-order, 
its principal symbol should be equal to the identity, otherwise the equality (|4.12|) 
does not hold true. Therefore, the operator A is given by 

MP)' 2 = V u V v P uvil '" ih - 2 , 

for all P G Sg(M). Now, an easy computation gives 

k-2 

f-^A - A = £(f)tu P tuvi ^" 4 ^ + (1-5) £(/)„ V u P uviv 



k-2 



~\J Itu v f - 1 1 r W J~\JJV V u -i 

s=l 

(r _1 VuZtr'Ytv p tum ^-^ + z(f)tr~ 1 v v f*p uvth - ik -^ 

8=1 

- (r- 1 v r £(/- i )l - (5 - 1) r 1 v u £(r 1 ),) p^- 1 *-**- 

+ £(f)lu f*~^r PP^" 4 *-* -(5-1) £(/) M /*-V, ./•7>' i " : '" 2 
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Using the equation above and the equations (j4.11|) we can easily seen that the only 
possibility so that (J4.12j) holds true is when and only when 5 = 2fc 1 T| 2 n h " ■ 

To prove (ii), denote by 93 v the operators ()4.4|) or (j4.8J) written by means of 
the connection V. Let V be another connection that is projectively equivalent 
to V (see section We need some ingredients for the proof. We will write the 

tensors V^P^S £(/)*., V u V< £(/) j and % in terms of V^ 'S £(/)£, 

V u £(/)?•, Vi£(/)j, and P^ respectively. By using (|3.2|) . we get 

it 

VuP* 1 *"** = V^P* 1 '" 1 '* + (2Jfe - <5(n + 1)) P ir " ife w u + 6 u / , " : "" " , . 



s=l 



for all P e S$(M), and 



"V 



V u = V u £(/)£ + Sym,- 5? V„ / % - Sym,,. 5? V u ^ - Sym,. w< 2(f) uj 

+5> t £(A (4.13) 



and finally 

Pij = Py + (n - 1) (Vi - Wj) ■ 
By substituting these formulae into (|4.4jl we obtain, after a long computation, that 

gj v (/) = 9J t (/)- 

Suppose now M = M. n (or M = S> n ) and M is endowed with a projective struc- 
ture. Let / be a diffeomorphism belonging to PSL(n + 1, R). Then there exist some 
constants a*, b\ cj, d, where i, j,l = 1 . . . ,n, such that 



/(*) 



Qx 1 + d ' ' + d 



As the operators f)4.4j) and ()4.8|) are projectively invariant, we can take T = 0. 
Therefore, the tensor T(/)^- will take the form 

Q2fr Q v i fl2/r Q I 

<T(fY = _ jL_ _ _ _ _ _ Svm <T 

UAj d^dx^df Ti + l iJi dxWx l df r 

It is a matter of a direct computation to prove that = 0, for all / G 

PSL(n + 1, R). Now, directly from the equation ()4.6|) we see that 2J(/) = when 
k = 2. For k > 2, we will use again the equation ()4.7|) and the proof is a long but 
straightforward computation. 



11 



4.2 A remark on the projective analogue of the Laplace- 
Belt rami operator 

As a by-product of the formula (|4.4jl is the projective analogue of the well-known 
Laplace-Beltrami operator (see |2J). It has been shown in [4 j that, for k = 2 and for a 
particular value of 5, the conformal Schwarzian derivative is given by the coboundary 

where A is the Laplace-Beltrami operator. In Theorem (|4.5jl . we have proved that, 
for 5 = the projective Schwarzian derivative is the coboundary 

f*~ x B — B, 

where 

B := VjVj Rij. 

n—l 

The operator B is indeed projectively invariant; in virtue of the conformal case, it 
can be then interpreted as the projective analogue of the Laplace-Beltrami operator. 



4.3 Infinitesimal projective Schwarzian derivatives 

Definition 4.9 (i) The infinitesimal operator associated with the operator (j4.2j) is 
the operator 

t(X) il'Y— := J2 Ux% - ^Svm,, 6< l(X)j\ />'-'•<< • (4.14) 

where [ is the 1-cocycle f!3.6|) . 

(ii) The infinitesimal operator associated with the operator ()4.4|) and ()4.8|) are 
respectively the operators 

u(X) (P) := (l(X)lj - ^jSymy <S< If A'),) V, P» + V, I(A% P» (4.15) 

- 3 + "- f < 1 +"> V , 1(A), P« 4- (Lvfl y ) P« (4.16) 

1 + n 1 + n 

and 

fc - 2 / i \ 

u(X) (P)<i-**-» ;= ( P% - — Sym^ 1(X), V t 2 

s=l ^ ' 

+ ai ([(X)^.--l T Sym M . ( 5*[(X)^ v t P^' 1 "^ (4.17) 

k-2 

+ a 5 Vt 1(X% pvii-i*- a . M , ^ V ; l(X)| p*i«i"^-**-2 



-2 



+ a 6 (V, l(A ) ; • n„ /. v/.',/) /'"' • " 
where the constants «i, a 2 , «5, a 6 and a 9 are given as in (|4.9jl . 
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The following Corollaries result from Theorems ([4.3)1 . ()4.5|) and (|4. 8j) . 

Corollary 4.10 For all 5 ^ > ^ e ma P l— > t(^0 defines a non-trivial 1- 

cocycle valued into V(Sg(M),S^~ 1 (M)). Moreover, the operator \4-M\l ^ s projec- 
tively invariant, namely it depends only on the projective class of the connection. 

Corollary 4.11 For all 5 ^ 2fc 1 ^ 2 rj hw , the map X i— > u(X) defines a non-trivial 1- 
cocycle valued into T)(S$(M),S$~ 2 (M)). Moreover, the operators \4- 1Q) an d M-lty 
are projectively invariant. 

5 Conformally invariant Schwarzian derivatives 

Let (M, g) be a pseudo Riemannian manifold and let F be the Levi-Civita connection 
associated with the metric g. 

Definition 5.1 For all / e Diff(M) and for all P e SjftM), we put 
Wf)(ry : " ; = Coboundary + U{f)% - ^ Sym^ 5? il(f)) . 

s=l ^ ' 

(5.1) 

where £(/) is the tensor (J3.5)) and the constant 

c = 2 — 5n. 

Theorem 5.2 (i) For almost all values of 5, the map f t— > defines a non- 

trivial 1-cocycle on Diff(M) with values into Enddiff(<S,5 (M), Sg~ 1 (M)); 

(ii) The operator \5.1)) depends only on the conformal class [g] of the metric. 
When M = W 1 and M is endowed with a flat conformal structure, this operator 
vanishes on the conformal group 0(p + 1, q + 1), where p + q = n. 

Now, we will introduce an other conformally invariant 1-cocycle that takes values 
into End diS (Sl(M),Ss~ 2 (M)). We suppose that k > 2; for k = 2, the 1-cocycle have 
already been introduced in 

We denote by Rij the Ricci tensor components and by R the scalar curvature 
associated with the metric g. 
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Definition 5.3 For all / £ Diff(M) and for all P £ <S|(M), we put 

fc - 2 / i \ 

»(/) [l>)' '> = Coboundary + ^ I £(/)£ - - Sym 4J # £(/),- ) V t I"'"— ' 



+ (ft V t £(/)*,• + ft V i £(/) j + ft £(/)< £(/), + ft £(/)£ £(/)„) P* 

fe-2 

+ £ (ft V t £(/)** + ft £(/), + ft £(/)£ ) P^"^-^- 2 

s=l 

+ (ft (f ~% - + fto(/*~ 1 Pgii - i*gii)) 2 , 

fc-2 

+ e ^ £(/);.;£(/!;„ /"•"" ,;: -'^" -^ ! - (5.2) 



l<s<t<fc-2 



where £(/)£,- are the components of the tensor (|H.5j) . The coefficient e 
and the coefficients ft, ... , ft are given by 



1 if Jfc > 4, 
otherwise 



ft = X - (4 - 2A; + n(S - 1)); ft = ^ (1 - 5)(4 - 2k + n (S - 1)); 

ft = 1 (4 - 2k + n(5 - 1)); ft = i (n + 2k - 5n); 
2 o 

ft = ^ (5 - 1)(2 - 2k + n(5 - 1)); ft = (1 - 5); 

ft = l(5-l) 2 ft = I( 6 _2A; + n(5-l)); 



1 4(6-5A; + £; 2 )-8n(A;-2)(5-l) + 3n 2 (5-l) 2 

ft - 
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6 n-2 
2(k - 2)(2k(2k - 5) + n(l + 115 - jfe(125 - 7))) - 6n 3 (5 - 1) 2 5 

12(n - 2)(n - 1)(2 - 2A; + ra(-l + 25)) 

n 2 (5- l)(2 + 325- A;(225- 5)) 



I2{n - 2){n - 1)(2 - 2A; + n(-l + 25)) 



Theorem 5.4 (%) For almost values of 5, the map f i— > Q5(/ x ) defines a non-trivial 
1-cocycle on Diff(M) wit/j values into T>(S$(M),S$~ 2 (M)); 

(ii) The operator depends only on the conformal class [g] of the metric. 

When M = M. n and M is endowed with a flat conformal structure, this operator 
vanishes on the conformal group 0(p + 1, q + 1). 
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5.1 The Algorithm and the proof of Theorems ( 15.21) and 

(E3D 

The operator 

Y^UifYij- -^n,Jl£(f)) (5.3) 

8=1 ^ n ' 

satisfies obviously the 1-cocycle property. However, it lacks the invariance property, 
in contradistinction with the operator (J4.1j) which is projectively invariant. We will 
establish here an Algorithm to transform the operator above into a conformally 
invariant one. 

Let us denote by C the 1-cocycle above written by means of a connection V 
associated with the metric g and denote by C the same 1-cocycle written by means 
of a connection belong to the same conformal class as described in Section El Using 
the formula (|3.4jl . we get 

(C{f)% - C{f)%) P^~^-i = (gy F is - I' %f ; /••' ) ' • 

In order to get ride the component gij F ta p^h-is-ik-i — f*~ 1 g ij f*^ 1 F' La pv^-^-^-i ^ 
we adjust the 1-cocycle ()5.3|) by incorporating the coboundary 

11 (r~ i B 1 -B 1 ), 

where 71 is a constant - to be determined - and B\{P) := Y^=i Suv g tls Vt p™"!-**-** 
A direct computation using ()3.4|) proves that 

guv g Us V t P^-^-ik-i = guv g «. V t pwH-^-ife-i +(k — Sn) F is g uv pwivZ-ik-i 

fc-i 

_|_ ^ ^ g ^^sitp pwuvii—is—H—ih-l pit puvi\—i s —it—ih-i 

t=l,t^s 

(For k = 2 the last two terms will not to be taken into account.) 

If we collect the coefficient of the component F ls g uv p uvi ^- l =- l k-\ anc i the com- 
ponent f*' 1 F ls f*" 1 g uv puvh-i a -tk-i we w in get the equation 

7i(2 — 8n) = c- 

If k = 2, this is the only equation we need. In that case, the coefficient c and 71 are 
as in Table 1. 
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c 7i 


21 


5 = 


2 

n 


1 


trivial 




2 

n 


2-Sn 1 


not trivial 


Table 1. 



If k > 2, the 1-cocycle 

is still not conformally invariant. We have to incorporate, then, another coboundary 

72(/*~ 1 B 2 -B 2 ), 

where 72 is a constant and B 2 (P) := E^iEt^g^* gijV u i w<iil -" ?, -* t " 4 - 1 . 
Now, a direct computation using (|3.4|) . we get 

d-*"** ff..V7 TDUijil—is—h—ik-l _ n^it rr- -T7 pwtjii— is— n—ifc-i 

6 V u J — g gjj V u J 

+{2k + n - 4 - rt// )/••,, g K " g y p^i-^-^-^-i 

EJsit „■ „• p*i pijuvii—ii—i s —it—ik-i 

l<KJfc-l 

(The last term should not be taken into account if k = 3.) 

Now, we collect the coefficient of the component F m g Zslt g i3 - py™!"^- 1 *"- 1 * W e get 
the equation 

2 7l + (2A:-4 + n(l-5))7 2 = 0- 
For k = 3, the coefficients c, 71, and 72 are given as in Table 2. 





c 71 72 


21 


n 

r 2 + n 
= 

n 

<5 not like above 


2 

I 

n 

1 

2 

2 <5n I , 

2+n I -5 


trivial 
trivial 
not trivial 


Table 2. 
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If k > 3, the 1-cocycle 

T2(r _1 B 2 - B 2 ) + j^f*- 1 B-B) + c C(f) 
is still not conformally invariant. We have to incorporate then another coboundary 

7 3 (r _1 B 3 -B 3 ) 

where B 3 := J2s^t^2 P S lBH g lpl guv gab^iP abumi '" %s '" H , " tfc - 1 . Then we proceed as 
before to find the constant 73. We will continue the procedure of incorporating 
coboundaries up to the last coboundary: 

idr^Bk-Bk), 

where B k is an operator defined as follows: 

1. If k is even, then B k := Sym ili ... )ifc _ 1 g 1112 ■ ■ •g* fc - 3ifc - 2 g uifc - 1 gj i; / 2 • • • gj fe _ Ufc V u P jl '" jh . 

2. If k is odd, then B k : = Sym- ,, ; g*^ • • • g" " -, u , • • • g ffc _ aii _ 1 V„/>"-^ ' . 

The resulting 1-cocycle should be conformally invariant. 

To prove that the operator ()5.2|) satisfies the 1-cocycle property is a long but 
straightforward computation using the equations ([4. II)) . It will determine the co- 
efficients e, Pi, ... , P 8 uniquely. In order to study the invariance property, we need 
some ingredients. Using the relation ([3.4)1 . we can prove that the following relations 



hold 



V„ £(/)*= V^a^.-Sym^.F,.^/)^-^/)". 

St F m £(/)" + Sym,, ^ g uj F* £(/)* ~ Smu F k W)7j 



y u ph-i k = v u ph-ik + (k — 5n) F u P* 1 " 4 * + &u F m P mil 

8=1 

k 

E pi s pmi 1 ---i a ---i k 
Bmu 1 1 



s=l 

Moreover, 

%. = r.. - ( n - 2) (ViF, - F % Fj) - (V U F V + (6 - n) F u F v ) g uv gij 
R = e ~ 2F (R - (2n - 2) V U F„ g uv - (7n - 2 - n 2 ) F„ F„ g™) , 

where the wide tilde on each tensor means that the tensor is written by means of a 
metric belonging to the conformal class. 

In order to get a conformally invariant operator, we are required to add the 
coboundary 

viir^B-B), 

where B := g uv g^-V^V^ P l i l i'" i *-2. Now, we proceed as above, to find the constant 
Pq and Pio as well as the constant fa. We continue this process until we get a 
conformally invariant operator. 
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6 Schwarzian derivatives and Cohomology 



Let us first recall the following classical result (see [TTJ|37]). Consider the space of 
Sturm-Liouville operators 

d 2 

A := -2 — +u(x) : ^_i(M) -> J^afM), 

where w(x) G .^(R) is the potential. 

For all diffeomorphism / G Diff(R), the operator /*A is still a Sturm-Liouville 
operator with potential u o f^ 1 ■ (f^ 1 )' 2 + where S(f~ 1 ) is the Schwarzian 

derivative (jl.lj) . 

According to the Neijenhuis- Richardson's theory of deformation, the space of 
Sturm-Liouville operators viewed as a Diff(R) -module ( also as a Vect(R)-module) 
is a non-trivial deformation of the quadratic differentials JF 2 (R), generated by the 
Schwarzian derivative (see |5]). More generally, the space of differential operators 
acting on densities of arbitrarily weights is a non-trivial deformation of a direct sum 
of densities of appropriate weights (see 0). It is well-known that the problem of 
deformation is related to the cohomology group 

H 1 (Vect(R), si (2, R) ; V{T & (R) , Ty (R) ) ) (6.1) 

It has been proved in j5] that the infinitesimal Schwarzian derivative as well as other 
1-cocycles generate this cohomology group. 

Remark 6.1 The analogue cocycle on Vect(R) associated with the Schwarzian 
derivative is the so-called Gelfand-Fuchs cocycle: X-^ t— > X'" dx 2 (see e.g. [HJIIE]). 

Following these lines of though, we believe that, in higher-dimension, the infinitesi- 
mal projective Schwarzian derivatives are classes belonging to the cohomology group 

H 1 ( Vect (R n ) , sl(n + 1 , R) ; V (S% (R n ) , Sj (R n ) ) ) ■ 

In the next section we will compute this cohomology group, generalizing the result 
of EH for 5 = 0. 

6.1 The project ively equivariant cohomology 

Consider R n with the standard SL(n + l,R)-action as described in Section El 
Theorem 6.2 If n > 2, we have 

H 1 (Vect(R n ),sl(n + 1, R); P(5 5 fc (R n ), 5j(R n ))) = 

R, if k- j = 1jV0 and 5^^^, 
R, if k-j = 2 and5^ 2 -^, 
0, otherwise. 

(6.2) 
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The 1-cocycles that span the cohomology group above are the operators (j4.14|) . 
(l4~ToT) and (jlTTjl . 

The following remark will play a central role in our proof; it has already been 
used in the papers [5J 1211 • Let q be a Lie algebra, f) C g be a subalgebra and M 
be a g-module. Any 1-cocycle c : g — > M that vanishes on the Lie sub-algebra f) is 
automatically (^-invariant. Indeed, the 1-cocycle property reads 

L x c(Y, A) - L Y c(X, A) = c([X, Y],A) 

for all X,Y eg and for all AeM. Then 

L x c(Y,A) = c([X,Y],A), 

which is nothing but the f)-invariance property. 

The strategy to proof Theorem (J6.2j) is as follows. We will classify all sl(n + 1, M.)- 
invariant bilinear operators from Vect(R) (g) ^'(IR™) to 5j(lR n ), then we will isolate 
among them 1-cocycles. 

6.1.1 sl(n + 1, M)-invariant bilinear operators 

To begin with, we recall a lemma that has been proved in j2I] for 5 = but the 
proof works well for any 5. 

Lemma 6.3 Every bilinear map from Vect(IR) ®«S| (M. n ) to S J s (R n ) that is invariant 
with respect to the action of the affine Lie algebra gl(n, M.) k IR n is differentiate; 
moreover, it is given by the divergence operator. 

Proof. See j2H 

Remark 6.4 In fact, any 1-cocycle on Vect(M), where M is an arbitrary manifold, 
with values into V(S k 5 (M) } S j s (M)) is differentiate (cf. [21]). 

Proposition 6.5 The space ofs\(n+l, M.)-equivariant bilinear operators form Vect(R)® 
S%(R n ) to Sg~ p (R n ) is as follows: 

(i) for k > p> 2, it is 2- dimensional; 

(ii) for k = p, it is 1- dimensional; 

(Hi) forp = 1, k > 2, it is 1- dimensional; 
(iv) for k = p = 1, there is no such operators. 

Proof. According to Lemma ()6.3|) . any such operator should have the expression 

p / k~p 

+k <h ■ ■ ■ d 3 MX k ) d js+1 ■ ■ ■ <),jr : ' '■ 

+ 7s d n ■ ■ ■ d 0s {X k ) d k d js+1 ■ ■ ■ djp (P^-^)) , 

(6.3) 
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where a s , (3 S , 7s , for s — 1, . . . ,p, are real numbers. 

We will use the expression above as an Ansatz in order to classify all sl(n+l, R)- 
invariant bilinear operators. 

If we demand that the operator c vanishes on the Lie algebra sl(n + 1, R) we will 
impose the conditions 

7i = 0, 

and 

2a 1 {k-p) +ft(l + n) +2 72 = 0- (6.4) 

A straightforward computation but quite complicated, prove that the equivari- 
ance of the operator ()6.3|) with respect to the Lie algebra sl(n + 1, R) is equivalent 
to the following system 

- s(s + 2)a s+1 + 7,+i + (p - s)(2k + n - p + s - 5(1 + n))a s = 0, (6.5) 
-s(s + 1)P. +1 + (s + l) 7s+1 + (p - s)(2k + n - p + s - 5(1 + n))/3, = 0, (6.6) 
-(s 2 - l) 7s+1 + (p - s)(2k + n - p + s - 5(1 + n)) 7s = 0, (6.7) 
(s + l) 7s+1 + (k -p)(s + l)a a + (k - p + s - 5(1 + n)) 7s + (1 + n)(3 s = 0, (6.8) 

where s — 1, . . . ,p — 1. 

The outcome (|6.5J) should not be taken into account if = p. 

Lemma 6.6 For all 5, the system above is compatible. 

Proof. For s = 1 the equation ()6.8j) is nothing but the equation (|6.4jl . The proof 
follows by induction. 

■ 

Now we are ready to prove Proposition 1)6. 5 j) . 

(i) For k > p>2, the space of solution is 2-dimensional spanned by cui, Pi. 

(ii) For p = k, the constants a s should be absence from the system 1)6.5)1 . The 
space of solution is 1-dimensional. 

(hi) For p = 1, and > 1, all the constants 7s are zero. The space of solution is 
1-dimensional generated by /3i. 

(iv) For k = p = 1, all the constants 7s are zero and /?2 should be absence form 
the equation ()6.4j) . There is no such operators. 

(v) For p = 0, the space of solution is one-dimensional. 



6.1.2 Proof of Theorem (JO]) 

The 1-cocycle property of the operator (J6.3j) adds to the system above three other 
conditions: 

2(p - 1) a x - Jp-x = V oip-i 

(p-l)(3x + 5 l2 = (h (6.9) 
Px + 5 7p = P P 
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By using Proposition (|6.5|h we get 

(i) for k > p > 2, we distinguish two cases. 

1. If p = 2, the system above together with the condition ()6.9|) admits (uniquely) 
a solution, independently on 5. The corresponding cocycle associated with 
this class is given in ([4.17)1 . This 1-cocycle turns into a trivial cocycle for 
8 = 2k ^?^ n , as a consequence of Corollary (|4.11|) . 

2. lip > 2, the system above together with the conditions (j6.9|) admits (uniquely) 
a solution if and only if 

2k — p + n 

b = — 

l + n 

(ii) for k = p. one distinguishes two cases: 

1. If k — p — 2, the system above together with the condition ()6.9|) admits 
(uniquely) a solution, independently on 5. The corresponding 1-cocycle associ- 
ated with this class is given in (|4.16|) . This 1-cocycle turns into a trivial cocycle 
for 5 = as a consequence of Corollary ()4.11|) . 

2. if k = p > 2, the system above together with the conditions ()6.9|) admits 
(uniquely) a solution if and only if 

r k + n 

6 = 

l + n 

(iii) For p = 1, and k > 1, the unique 1-cocycle is given as in ()4.14j) . This 1- 
cocycle turns into a trivial cocycle for 5 = 2k ^^ n , as a consequence of Corollary 

Anon. 

To achieve the proof of Theorem ()6.2|) we are required to prove the following 
Lemma. 

Lemma 6.7 For 5 = 2fc ] ^ p n hw , any s\(n + 1,R) -invariant 1-cocycle from Sg(M. n ) to 
iS^~ p (M") is necessarily trivial. 

Proof. The 1-cocycle conditions ()6.9|) turn the space of solution of the system above 
into a 1-dimensional space. We are led, then, to prove that any trivial 1-cocycle is 
necessarily sl(n + 1, IR)-invariant for the particular value of S. To do that, we consider 
the operator B defined as follows. For all P G S$, we put 

B{P) = d h ■ ■ ■ d jp pn-^-^-v. (6.10) 

Consider now the trivial 1-cocycle 

L x o B - B o L x . (6.11) 

The order of the operator (jfi.llj) is (p — 1), because the order of the operator (jdl())) 
is p. One can easily seen that the coefficients at any order less than p — 2 contain 
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expressions in which the component X is differentiated at least three times. Thus, it 
vanishes on the Lie algebra sl(n+l, R). Moreover, it is a matter of direct computation 
to prove that the principal symbol of the operator (|6.11j) vanishes on sl(n + 1, R) if 
and only if 5 = ^g^. 

■ 

Theorem ()6.2|) is proven. 



6.2 Cohomology of Vect(M) 
We need to recall the following Theorem. 
Theorem 6.8 WI)i[ 

K l {s\{n + 1, R); P (<S| (R n ) , <S^ (R n ) ) ) = 



The 1-cocycles that span this cohomology group were given in [20] ■ These explicit 
expressions are as follows: 

r 3 (X)(P) = d i X i d h ---d k P 1 ^ 1 ' ' . (6.13) 
k,(X)(P) = ih.ih.X' <),,■■ -<) h , F* ■>' (6.14) 

for all P e S$(M). 

For k — j = 0, the cohomology group above is spanned by 7&. For k — j > and 
^ _ ^ j g S p annec i by ^ an d r^-. 

Proposition 6.9 (%) T/ie 1-cocycles k,j can be extended uniquely as 1-cocycles on 
Vect(IR n ) only for k-j = 1,2. 

(ii) The 1-cocycles Tj can be extended uniquely to Vect(IR n ) for k — j = 0, and 
for (k,j) = (1, 0) and 5=1. 

Proof, (i) The 1-cocycles Kj can be extended to Vect(M) for k — j = 1,2 and the 
proof is just theirs explicit expressions given in ()6.18|) . ()6.19|) and ()6.20|) . Let us 
prove the uniqueness. Suppose that there are two 1-cocycles, say Ci and c 2 , that 
extend Kj. This implies that c\ — c 2 is zero on sl(n + 1,R). The 1-cocycle c\ — c 2 is 
then projectively invariant. By using Theorem (J6.2)) . the 1-cocycle c\ — c 2 should be 
a coboundary, as 5 = . Thus, c\ = c 2 . 

Now, we will proof that for k — j > 2, these 1-cocycles cannot be extended. 
Suppose without loosing generality that k — j = 3. Any 1-cocycles that extend 
the 1-cocycles Kj should retains a form as in ()6.3)1 but we incorporate another term 
Pi di d t X 1 . The fact that the 1-cocycles in question should coincide with the 1-cocycle 
Kj, leads to the two conditions: 

7i = , 2 72 + (l + n) / 3 1 + 2(A;-3)a 1 = 0. (6.15) 



R, if k-j = 

R 2 , if k - j > 0, and 5 = £jj 

0, otherwise 
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The 1-cocycle property imposes the following conditions: 





3a 2 — 4«i + 72 


= 0, 


4a 3 - 2«i + 73 


= 0, 




6a 3 - 3a 2 + 72 


= o, 




= 0, 


Ps 


-573-A-A 


= 0, 


3^ -2 /3a -(5-1) 72 


= 0, 




373 - 2 72 


= 0, 


(2 -<$)(& + &) + (5-1) ft 


= 0, 


(5- 


- 1) 72 + Pi + A 


= 0, 


(5- l)a 2 + A + A 


= 



The system above together with the outcomes (|6.15j) admits a solution if and only 
if Pi = and 5 = 2k ^^ n ■ This means that the extended 1-cocycle is a coboundary 
and, moreover, vanishes on the Lie algebra sl(n+ 1, R), which is absurd. This implies 
that the 1-cocycle Kj cannot be extended. Part (i) is proven. 

(ii) The 1-cocycles Tj can be extended to Vect(R) for k — j = and for (k,j) = 
(1,0) and 5 = 1. The proof is just theirs explicit expressions given in (J6.17JI and 
()6.21|) . For the uniqueness, we can easily proceed as in Part (i). 

Suppose that the 1-cocycles Tj can be extended to Vect(R n ) for the value of 
k — j different from those described above. Such 1-cocycles should retains a form 
as in (jd3|) but we incorporate another term P^dtX 1 . The fact that these 1-cocycles 
should coincide with the 1-cocycle Tj once restricted to sl(n + 1, R), leads to the two 
conditions ()6.15|) . Now, if we collect the coefficient of the term diY 1 dj 1 d t X t dj 2 ■ ■ ■ dj 
we will get 

k + j-1 
1 + n 

This last outcome does not vanish, except when (k, j) = (1, 0), and therefore 5=1. 
Part (ii) is proven. 

■ 

Let M be any arbitrary manifold of dimension n. 
Theorem 6.10 For all n > 1, we have 

' R0HJ> R (M), if k-j = 
R, if k-j = l,j^Q 

H 1 (Vect(M);D(^(M),5KM)))= <j R 2 ©Hj )R (M), if (k,j) = (1, 0) and 5 = 1 

R, if k-j = 2 

0, otherwise 

(6.16) 

Proof. For the proof we proceed as follows. Firstly, we exhibit the 1-cocycles that 
span this cohomology group; secondly, we proof the theorem for R n then we extend 
the result to an arbitrarily manifold. 

(i) For k — j = 0, the 1-cocycles are already known (see |14j). 



a u (X) (P) = (£Div(X) + C^(X))P, 



(6.17) 
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where u is a 1-form, Div(X) is the divergence operator associated to some orientation 
and £, ( are real numbers. 

(ii) For k — j = 2, and 5 7^ 2 i~f it" ; the 1-cocycle is given by the infinitesimal 
projective Schwarzian derivative (j4.17|) . 

(iii) For k — j = 2, and 5 = 2 \]^ n , we distinguish two cases: 

1. For k = 2, the 1-cocycle in question is 

c(X)(P) = IWiVjF 1 * + V, l(X)j P ij - (6.18) 
where t(X)i are the components of the tensor (|3.6|) . 

2. For k > 2, the 1-cocycle is 

c(X) = l(.Y), V ; ■ 2 

+7i - Sym 4J -±^81 l(X)^j V t " 2 

k-2 

is—ik-2 



+ 72 V t \{X% /""- '^ 2 + 73 V t l(X)| P 1 ^ 1 



=i 



+7 4 V, [(X)^* 1 ™ 1 *- 3 , 

(6.19) 

where the constants 71, . . . , 74 are given by 

1 1 



71 = — -r; 72 = — — ; 

n + 1 71 + 1 

73 =-~(l + n); 7 4 = -~(2fc-3). 

(iv) For — j = 1, j 7^ 1 and 5 7^ 2A: 1 7; +n , the 1-cocycle is given by the infinitesimal 
projective Schwarzian derivative (|4.14jl . 

(v) For k — j — 1, j 7^ 1 and 5 = 2fc 1 ~ f 1+w , the 1-cocycle is given by 

c(X) (P) l i- l fc-i = [(X) u p™i-^-i, (6.20) 

where t(X)j are the components of the tensor ()3.6j) . 

(vi) For j) = (1, 0) and 5 = 1, the 1-cocycles are given by 

D e ,f, C (X) (P) = e [(X), P l + (f Div(X) + C V, P\ (6.21) 

6.2.1 Proof of Theorem (10T)|) for the case M = M n 

Let c be any 1-cocycle on Vect(IR Tl ) with values into V(Sg(W l ),Sg(W 1 )). The restric- 
tion of this 1-cocycle, say c, to sl(n + 1,M) is obviously a 1-cocycle on sl(n + 1,M). 
We distinguish six cases: 
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(i) If k — j > 2, and 5 7^ T+tT* ' then c is trivial, by Theorem ()6.8|) . It follows 
that there exists an operator, say B, such that 

c(X) = [L x , B], for all X G sl(n + 1, R). 

Now, for all X 6 Vect(R n ) the map X h-> c(X) - [L x , 5] is a 1-cocycle on Vect(R n ) 
that vanishes on sl(n + 1,R). Theorem (|6.2|) assures that such a 1-cocycle is trivial. 
A fortiori, c = 0. 

(ii) If — j > 2, and 5 = ^+7?' then c should be equal to zero by Proposition 
(16. 9|) . It implies that the 1-cocycle c is vanishing on sl(n+ 1,R), and, thus, is trivial 
by Theorem ()6.2|) . 

(iii) If = j, then c"is cohomologous to 01,0, by Theorem ()6.8|) . It follows that 
there exists an operator, say B, such that 

c(X) - ac lfi (X) = [L x , B], for all X G sl(n + 1, R). 

Now, for all X G Vect(R n ) the map X f— > c(X) — ^^^(X) — [Lx, -B] is a 1-cocycle on 
Vect(lR n ) that vanishes on sl(n + 1, R). Theorem (|fi.2j) assures that such a 1-cocycle 
is necessarily trivial. A fortiori, c = ai^. 

(iv) If k — j — 1, and j 7^ 1, we will prove that c is cohomologous to one of the 
1-cocycles f!4.1|) or ()6.20|) . depending on the value of S. 

1. For 5 7^ 2k i^ n 7 the 1-cocycle c should be trivial by Theorem ()6.8|) . It follows 
that there exists an operator, say B, such that 

c(X) = [L x , B], for all X G sl(n + 1, R). 

Now, for all X G Vect(R n ) the map X t— > c(X) — [L X ,B] is a 1-cocycle on 
Vect(R n ) that vanishes on sl(n + 1,R). Theorem ()6.2|) assures that such a 
1-cocycle is necessarily unique. A fortiori, c = t. 

2. For 5 = 2fc 1 ~^ hn , the 1-cocycle c should be cohomologous to the 1-cocycle 

+ /3rk-i, by Theorem (j6.8j) . Moreover, by using proposition (|6.9j) the 
1-cocycle Kk-i is the only 1-cocycle that can be extended. It follows that there 
exists an operator, say B, such that 

c(X) - a/« fc _i(X) = [L x , B], for all X G sl(n + 1, R). 

Now, for all X G Vect(R n ), the map X h-> C (X) - c(X) - [L x , B] is a 1-cocycle 
on Vect(R n ) that vanishes on sl(n + 1,R). Theorem ()6.2|) assures that such a 
1-cocycle is necessarily trivial. A fortiori, c = c. 

(v) If (k,j) = (1,0) and 5 = 1. By using the same method as before, we can 
prove that c is cohomologous to the 1-cocycles f £ ,^,o- 

(vi) If k — j = 2, By using the same method as before, we can prove that c is 
cohomologous to the 1-cocycles ()4.1fij) or ()6.19j) . 

Theorem ()6.10|) is proven for R n . 
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6.2.2 Proof of Theorem (J6.10|) for the case of an arbitrary manifold 

The techniques that we are going to use here have been already used in [21 for 
5 = 0. 

(i) For k — j = we have 

H 1 (Vect(M); T>(Sg(M),Sg(M))) ~ H 1 (Vect(M); C°°(M)). 
The later co homology group is well-known; it is isomorphic to 1 © Hj~, R (M) (see, 

e.g., m). 

(ii) For (k,j) = (1, 0) and 5 = 1 we have 

H 1 (Vect(M);P(5 1 1 (M),5 1 °(M))) ~ H 1 (Vect(M); fi^M)) © H 1 (Vect(M); C°°(M)). 

For the proof we proceed as follows. Let c be a 1-cocycle on Vect(M) with values 
into T>{S\(M), <S°(M)). The fact that M is endowed with a connection implies that 
the 1-cocycle c can be written as 

b(X)Vi + ai (xy 

The 1-cocycle condition of the 1-cocycle c implies that the components a$ should 
define a 1-cocycle belonging to the cohomology group H 1 (Vect(M); Q 1 (M)) and b 
should define a 1-cocycle belonging to the cohomology group H 1 (Vect(M); C°°(M)). 
Reciprocally, any two 1-cocycles in H 1 (Vect(M); fi^M)) and H 1 (Vect(M); C°°(M)) 
will define the 1-cocycle c, as it is given above. The cohomology group 

H 1 (Vect(M);fi 1 (M)) 

is well-known; it is isomorphic to R (see, e.g., 

(iii) For k-j>2. Let c be a 1-cocycle on Vect(M) valued into £>(<S 5 fc (M), 5| (M)). 
On a local chart U, the restriction cu is trivial. Namely, it exists an operator, say 
B\ v , on U such that 

c\ v = L X (B) W - 

A local coordinates patching will be used to extend the operator B\ v . To do that, 
we should prove that B\ v = B\ v on the intersection U D V. Indeed, 

= C \unv ~ C \unv = L x(B)\ v - L X (B)\ V . 

As there is no Vect(M)-invariant operators for k — j > 2, it implies that B\ v = B\ v 
on U n V. 

(iv) For k — j = 2 and k > 2. Let c be a 1-cocycle on Vect(M) valued into 
T>(Sg(M),Sg(M)). On a local chart U, the restriction is cohomologous to the 
1-cocycle (|4.16|) or (J6.19j) . Namely, it exists an operator, say B\ a , on U such that 

c\ v + aup(X) = L X {B)\ U - 
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where p is one of the two 1-cocycles (j4.16|) or (j6.19J) . On the intersection U fl V, one 
has 

( au - a v ) p(X) = L X {B)\ V - L X {B) W . 

Thus, au — oty = because p is not a coboundary and, a fortiori, B\ v = B\ v on 
U H V, as there is no Vect(M)-invariant operators for k — j = 2. 

(v) For k = 2 and j = 0, the proof is the same as in (iii). 

(vi) For k — j = 1, and j ^ 1, the proof is the same as in (iii). 



6.3 Cohomology of Diff(S n ) 

In order to compute the cohomology of the group of diffeomorphisms Diff(M), we 
deal with differential cohomology "Van Est Cohomology"; this means we consider 
only differential cochains (see JI]). The more general case - namely, the cohomology 
with also non-differentiable cochains - is an intricate problem, and even though no 
explicit cocycles are known in our situation. 

Let S n be the n-dimensional sphere. It is well-known that the maximal compact 
group of "rotations" of § n , SO(n+l), is a deformation retract of the group Diff + (§ n ), 
for n = 1,2,3 (see [231). Since the space Diff + (S' T! ')/S'0(?2 + 1) is acyclic, the Van 
Est cohomology of the Lie group Diff + (S n ) can be computed using the isomorphism 
(see, e.g., O p. 298]) 

H 1 (Diff + (§ n );P(5 5 fc (§ n ),^'(§"))) ~ H 1 (Vect(S n ),SO(n+ 1); P(5 5 fc (§ n ), ^ 5 (§ n ))). 

(6.22) 

We state the following Theorem that generalizes the result of jH] for 6 = 0. 
Theorem 6.11 For n = 2, 3, the first- cohomology group 



H 1 (Diff + (§ n );D(^(§ n ),^'(§ n ))) 



R, if k - J = 

R, if k-j = l,j^0 

R2 ; if = (i ; o) and S = 1 (6.23) 

R, if k-j = 2 

0, otherwise 



Proof. We will first give the explicit 1-cocycles that span the cohomology group 
above. 

(i) For k — j = 0. Any diffeomorphism / G Diff + (§ n ) preserves the volume form 
on § n up to some factor. The logarithm function of this factor defines a 1-cocycle 
on Diff(S n ), say 3(f), with values in C ,oc, (S n ). Now, the 1-cocycle in question is just 
the multiplication operator by ?(/)• 

(ii) For k — j = 1, j ^ and 5 ^ 2fc ] ^_ 1 ^ hn , the 1-cocycle in question is the 
Schwarzian derivative ()4.2|) . For 5 = 2k ^^ n , the 1-cocycle is 

where £(/) u are the components of the trace of the tensor (j4.1|) . 
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(iii) For (k,j) = (1,0) and 5 = 1 the 1-cocycles are 

££„(/) P u + ZZ(f)\7 u P u , 

where e and £ are real numbers. 

(iv) For k — j = 2 and 5 7^ ^^3^, the 1-cocycle is the Schwarzian derivative 
(J4.8|) . For 5 = 2fc H 2 n hn , we distinguish two cases: 

1. For k = 2, the 1-cocycle in question is 

b(f)(P) = i2(/l,V ; /"' • V, £(./•), /"' _ _L_ £(/) 4 £(/) i P«. (6.24) 

2. For k > 2, the 1-cocycle is 

&(/) (P)^"^ = £(/)„ v,P toil - lfc " 2 + A T(/)L VtP^ 1 "-**- 3 

fc-2 
s=l 

+ (/3 4 £(/)« £(/)„ + ^ V t £(/)L + fa V„ £(/)„) P^-"^, 

where £(/)^- are the components of the tensor (J3.5)) and X(/)^- are the com- 
ponents of the tensor (J4.1)) . The constants . . . , (3$ are given by 

Pi =^t! ft =^(l + n); /5 5 ' 



n+V '° 3 V " ' n + r 

ft =~(l + n); ft =i(2fc-3); ft = (2As - 3). 

We are now ready to prove Theorem f)6.11j) . First, observe that the De Rham classes 
in the cohomology group (J6.2j) is trivial since H^ R (§ n ) = 0. 

In view of flgjgj) , the cohomology group H 1 (Diff+(§ n ); £>(S£(§ n ), S J s (§ n ))) = 
for k — j ^ 0,1, 2, and for (A;, j) = (1, 0) with 5^1. Besides, 

(i) For k—j =0, suppose that there are two 1-cocycles representing cohomology 
classes in the cohomology group (|6.23|) . The isomorphism above shows that these 
two 1-cocycles induce two non-cohomologous classes in the cohomology group (|6.2jl . 
which is absurd. 

(ii) For k — j = 1, and j 7^ 0, idem. 

(iii) For k — j = 2, idem. 

(iv) For (k,j) = (1, 0) and 5 = 1, suppose that there are more than two 1-cocycles 
representing cohomology classes in the cohomology group ()6.23|) . The isomorphism 
above shows that these 1-cocycles induce non-cohomologous classes in the cohomol- 
ogy group ([6.2)1 . which is absurd. 

Theorem 16.111 follows, therefore, from explicit constructions of the 1-cocycles 
above. 

Remark 6.12 Theorem 1)6.11)1 remains true as far as the rotation group SO(n + 1) 
is a deformation retract of the group Diff + (§ n ) for all n. We do not know whether 
this statement is true or not. 
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6.4 Relation to the Vey Cocycle 

Throughout this section, we will assume that 5 = 0. The main result is to give a 
relation between the projective Schwarzian derivative ()4.8|) and the well-known Vey 
cocycle, answering a question raised in j^j. 

Recall that the Vey cocycle is a object that is closely related to deformation 
quantization (see [35] for more details.). It is, in fact, a cohomology class that span 
the component E of the cohomology group H 2 (C°°(T*M), C°°(T*M)) = H£ R (M) © 
R (see |35j). In order to write it down, we need to lift the connection to a connection 
on the cotangent bundle T*M (see jHH] for more details). We are mainly interested 
when its first component is restricted to Vect(M) C C°°(T*M). The Vey cocycle 
reads accordingly as follows. 

S 3 (X) := %m jii)k (l(Xy ml -J m - ^ kl ) ViVjV k . (6.25) 

In the formula above, the subscript i runs from 1 to 2n, and u stands for the standard 
symplectic structure on T*M, and X is the Hamiltonian lift of X. 

The following cocycle were introduced in and interpreted as a group Vey 
cocycle: 



GS 3 (f) := Sym^ (& ml (f) -o; im - ^ kI ) ViVjV k 

- \sym^ (££(/) -^ m W k ) ■ iJLCflViVj, (6.26) 



where / is the symplectic lift of / to T*M and £(/)ij/ are the components of the 
tensor (|3.5|) with respect to the lifted connection on T*M. 

Proposition 6.13 The relation between the Vey cocycle and the projective Schwarzian 
derivative is as follows: 

(i) For all X G Vect(M), we have 

= 1 -L x (^V 1 ) + 2 -^- n S 3 (X) lsk{M) 

11 + 4fc 2 - 2n(5 - 4k) + 3n 2 - 12k 

H — L X {Rij). 

6 — bn 

(ii) For all f G Diff(M), we have 

W)' = ~ r 1 *^ v,) - v, v, + 2 = 2 o fc = n GSV)\ sk 



11 + 4fc 2 - 2n(5 - 4fc) + 3n 2 - 12fc , _ , 
6-6n U * J ij ' 



(6.27) 



Proof. For the proof, we have to expound the formulas ()6.26|) and ()6.25j) once 
restricted to S k (M) and write these expressions in terms of the initial connection 
on M. Then, the proof follows by a direct computation. 
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6.5 Conclusion and Open Problems 

The programm for defining the projective and conformal multi-dimensional Schwarzian 
derivatives is achieved now in this paper. However, it would be interesting to inves- 
tigate topological properties of these derivatives. For instance, it has recently been 
proved that the classical Schwarzian derivative of a diffeomorphism admits at least 
four zeros in j27j. According to Ghys-Ovsienko-Tabachnikov, this property is the 
four vertex Theorem of a time-like curve on the torus endowed with a Lorentzian 
metric. It would be interesting to know whether a theorem of this type holds true 
for our multi-dimensional Schwarzian derivatives. 

According to Theorem ([6.11)1 . the conformal Schwarzian derivatives are only the 
operators (|5.1|) and (|5.2|) . except another cocycle may appear for the particular 
values (k,j) = (1,0) and 5 = 1. But, we do not expect new cocycles other than 
those given here. More precisely, we are led to compute the cohomology group 

H 1 (Diff(IR n ), 0(p + 1, q + 1); V(S$(R n ),S J s (R n ))- 

The computation of this cohomology group is more intricate, and even though for 
the cohomology of Vect(lR n ) the computation is still out of rich. 

The conformal Schwarzian derivative is certainly related to the Vey cocycle and 
an analogue to the Proposition ()6.13|) is certainly true. We are required to incor- 
porate to the Vey cocycle an appropriate coboundary to get a formula analogous 
to that in ([6.27)1 . We recall that this coboundary has been added, as explained in 
section ([5.1)) . in order to get the invariance property. 

Recently, the author has investigated an analogue of the operator ()5.1[) to the 
(generic) Finsler structures in [7j, using some connections associated with the Finsler 
structure. This operator has the property that it coincides with the operator (|5.1|) 
when the Finsler structure is Riemannian. It would be interesting to investigate 
Schwarzian derivatives in other geometry; for instance: CR structures, quaternionic 
structures... 

It should be stressed that in the literature alternative approaches were devel- 
oped in order to extend the classical Schwarzian derivative to a mult i- dimensional 
manifold (see for example [U Ell UHl [23 EI3 EEl E01 EI]) 
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